Abstract. We provide several new q-congruences for truncated basic hypergeometric series with the base being an even power of q. Our results mainly concern congruences modulo the square or the cube of a cyclotomic polynomial and complement corresponding ones of an earlier paper containing q-congruences for truncated basic hypergeometric series with the base being an odd power of q. We also give a number of related conjectures including q-congruences modulo the fifth power of a cyclotomic polynomial and a congruence for a truncated ordinary hypergeometric series modulo the seventh power of a prime greater than 3.
Introduction
In his first letter to Hardy from 1913, Ramanujan announced that (cf. [2, p. 25, Equation ( 2)]) ∞ k=0 (8k + 1) ( where p is an odd prime and Γ p is the p-adic gamma function [22] . Van Hamme [32] himself proved three of them. Nowadays all of the 13 supercongruences have been confirmed by different techniques (see [20, 21, 23, 25, 30] ). For some informative background on Ramanujan-type supercongruences, we refer the reader to Zudilin's paper [35] . During the past few years, congruences and supercongruences have been generalized to the q-world by many authors (see, for example, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] 24, 27, 31] ). As explained in [18] , q-supercongruences are closely related to studying the asymptotic behaviour of q-series at roots of unity.
Recently, the authors [15, Theorems 1 and 2] proved that for odd d 5,
3) and for odd d 3 and n > 1,
(1.4) Here and throughout the paper, we adopt the standard q-notation: For an indeterminate q, let
be the q-shifted factorial. For convenience, we compactly write
for a product of q-shifted factorials. Moreover,
denotes the q-integer, which can be defined by [n] = (q n − 1)/(q − 1) to hold for any integer n, including negative n, which in particular gives [−1] = −1/q (which is needed in the k = 0 terms of (1.6) and (1.8) and at other places in this paper). Furthermore, Φ n (q) denotes the nth cyclotomic polynomial in q, which may be defined as
where ζ is an nth primitive root of unity. In this paper, we shall prove results similar to (1.3) and (1.4) for even d. The first result concerns the case d = 2. Theorem 1. Let n be an odd integer greater than 1. Then
Theorem 2. Let d 4 be an even integer and let n be a positive integer with
n ≡ −1 (mod d). Then n−1 k=0 [2dk + 1] (q; q d ) d k (q d ; q d ) d k q d(d−3)k 2 ≡ 0 (mod Φ n (q) 2 ). (1.7)
Theorem 3. Let d 4 be an even integer and let n > 1 be an integer with
Although neither (1.7) nor (1.8) holds modulo Φ n (q) 3 in general, we have the following common refinement of (1.3) and (1.7).
Theorem 4. Let d 4 be an integer and let n be a positive integer with
Let n = p be an odd prime and d = p + 1 in (1.9). Then letting q → 1, we are led to 
which also holds modulo p 3 for p = 3. Substituting (1.11) into (1.10), we arrive at the following conclusion.
Corollary 5. Let p be an odd prime. Then
This result is actually a special case of 12) that was conjectured by Sun and was subsequently proved by Gao [5] in her master thesis. See the discussion around Equation (1.3) in Wang's paper [33] where (1.12) is further generalized to a congruence modolo p 6 for p > 5 that involves Bernoulli numbers. In Sect. 5 we propose an extension of Corollary 5 which contains additional factors in the summand (see Conjecture 1) .
The paper is organized as follows. We shall prove Theorem 1 in Sect. 2 based on two q-series identities. Theorems 2 and 3 will be proved by giving a common generalization of them in Sect. 3. To accomplish this we shall make a careful use of Andrews' multiseries generalization of the Watson transformation [1, Theorem 4] (which was already used in [12] to prove some q-analogues of Calkin's congruence [3] , and which was also applied in [15] for proving some analogous results involving the base being odd powers of q). We shall prove Theorem 4 by using a certain anti-symmetry of the k-th summand on the left-hand side of (1.9) in Sect. 4. Finally, in Sect. 5 we give some concluding remarks and state some open problems. These include some conjectural q-congruences modulo the fifth power of a cyclotomic polynomial and congruences for truncated ordinary hypergeometric series, one of them, see (5.7), modulo the seventh power of a prime greater than 3.
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Proof of Theorem 1
It is easy to prove by induction on n that
Since q n ≡ 1 (mod Φ n (q)), the proof of (1.5) then follows from the fact
for odd n and (−q;
Similarly, we can prove by induction that
The proof of (1.6) then follows from that of (1.5) and the following relation
We point out that, using the congruence (−q; q)
(mod Φ n (q)) for odd n (see, for example, [8, Lemma 2.1]), we can prove the following similar congruences: for any odd positive integer n > 1,
The details of the proof are left to the interested reader.
Proof of Theorems 2 and 3
We shall first prove the following unified generalization of Theorems 2 and 3 for d = 4.
Theorem 6. Let r be an odd integer. Let n > 1 be an odd integer with n ≡ −r (mod 4) and n max{r, 4 − r}. Then
Proof. Let α, j and r be integers. It is easy to see that
and 1 − q αn ≡ 0 (mod Φ n (q)), and so
It follows that
It is clear that 3n ≡ r (mod 4). Therefore, by (3.2) and the where the basic hypergeometric series r+1 φ r (see [4] ) is defined as
, the left-hand side of (3.1) is congruent to
Note that (3n − r)/4 n − 1 by the condition n 4 − r. It is clear that (q r+4 ; q 4 ) (3n−r)/4 has the factor 1 − q 3n , and (q 4−r−3n ; q 4 ) (3n−r)/4 has the factor (1−q −2n ) since (3n−r)/4 (n+r)/4 by the condition n r. Therefore the numerator on the right-hand side of (3.3) is divisible by Φ n (q) 2 , while the denominator is relatively prime to Φ n (q). This completes the proof.
We need the following lemma in our proof of Theorems 2 and 3 for d 6. By the condition ad − r r in the lemma, we get r ad/2. Substituting this into the above inequality, we obtain the desired result.
We now give a common generalization of Theorems 2 and 3. 
Proof. The d = 4 case is just Theorem 6. We now suppose that d 6. The proof of this case is intrinsically the same as that of Theorem 6. Here we need to use a complicated transformation formula due to Andrews [1, Theorem 4]: It is easy to see that (d − 1)n ≡ r (mod d). Hence, by (3.2), modulo Φ n (q) 2 , the left-hand side of (3.4) is congruent to
where we have used the fact (dn − n − r)/d n − 1 by the condition n d − r. .7) is always relatively prime to Φ n (q), which completes the proof of (3.4).
Proof of Theorem 4
We shall prove
which is equivalent to
because (q; q d ) k has the factor 1 − q dn−n and is therefore divisible by Φ dn−n (q)
Taking the most left-and right-hand sides of this congruence to the power d, it follows, using
It is easy to check that (−1) dn−n q (dn−n)(dn−n−3) 2 ≡ −1 (mod Φ dn−n (q)) whenever dn−n is odd or even. This proves that the k-th and ((dn−n−1)/d−k)-th terms of the left-hand side of (4.1) cancel each other modulo Φ dn−n (q) and therefore (4.1) holds. Equivalently, (1.9) holds modulo Φ dn−n (q). Moreover, by (1.3) and (1.7), one sees that (1.9) also holds modulo Φ n (q) 2 for d 4. The proof then follows from the fact Φ n (q) 2 and Φ dn−n (q) are relatively prime polynomials.
Concluding Remarks and Open Problems
Having establishing (q-)congruences for truncated (basic) hypergeometric series, one can wonder what their 'archimedian' analogues are, i.e. whether the infinite sums from k = 0 to ∞ have known evaluations, just as (1.1) is such an archimedian analogue for (1.2).
In many cases of our results, especially when dealing with arbitrary exponents d, we are not aware of explicit evaluations in the archimedian case. However for small d we can easily find corresponding evaluations by suitably specializing known summations for (basic) hypergeometric series, such as Rogers' nonterminating 6 φ 5 summation (cf. [ where |aq/bcd| < 1 for convergence. Indeed, by replacing q by q 4 , and letting a = b = c = d = q r , we obtain from (5.1), after multiplying both sides by [r], the following identity:
valid for r < 2. In the last equation we have rewritten the product using the q-Gamma function
defined for 0 < q < 1 (cf. [4, Section 1.10]). For r ≤ 1 being an odd integer, we have thus just established an archimedian analogue of Theorem 6. Now, since lim q→1 − Γ q (x) = Γ(x), we obtain that in the
where we have used the well-known reflection formula for the Gamma function. It is now immediate that for r = 1 we get (1.1) while for r = −1 we get the similarly attractive evaluation
Many other identities involving π can similarly be obtained. At this place, in passing, we would like to point out that by replacing q by q 2 in (5.1) and putting a = q 2 , b = c = d = q one readily obtains We turn to discussing whether some of the results obtained in the paper can be further strengthened. We have proved Theorems 2 and 3 by establishing a common generalization of them, namely Theorem 7. However, we are unable to prove a similar common generalization of (1.3) and (1.4). Numerical calculation for q = 1 suggests that there are no congruences for the left-hand side of (3.4) with odd d 5 that would hold in general (in particular, the case d = 5 and r = 3 appears to be such a counterexample).
Nevertheless, we would like to give the following result being similar to Theorem 7. We can also prove the following refinement of (1.4) and (1.8). However, we are unable to deduce any interesting conclusion similar to (1.10) from this result by letting q → 1. ≡ 0 (mod Φ n (q) 2 Φ dn−n (q)).
